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AbstractAbstract mathematical models    mathematical models     
for spatial data managementfor spatial data management

•• Completeness and correctness testingCompleteness and correctness testing
–– Topology of a map without geometryTopology of a map without geometry

•• Combinatorial properties of a cell set determine Combinatorial properties of a cell set determine 
when it is possible to build a map from the cellswhen it is possible to build a map from the cells

•• Primitive map components & operationsPrimitive map components & operations
–– Faithfully represent map objectsFaithfully represent map objects
–– Faithfully represent map operationsFaithfully represent map operations
–– Employ exhaustive/exclusive cell definitionsEmploy exhaustive/exclusive cell definitions
–– Meet computational feasibility requirementsMeet computational feasibility requirements

Primary Research FocusPrimary Research Focus



Completeness & ConsistencyCompleteness & Consistency
•• What (minimal set of) combinatorial information What (minimal set of) combinatorial information 

encodes the mapencodes the map’’s topological structure as a s topological structure as a 
graph on a surface to permit testing for graph on a surface to permit testing for 
completeness and consistency?completeness and consistency?
–– What combinatorial tests, when passed, guarantee the What combinatorial tests, when passed, guarantee the 

encoded mapencoded map’’s completeness and consistency and, s completeness and consistency and, 
when failed, guarantee that no map exists with the when failed, guarantee that no map exists with the 
purported cell structure?purported cell structure?

–– Can we prove that no proper subset of the tests Can we prove that no proper subset of the tests 
suffices?  Yes, by finding nonsuffices?  Yes, by finding non--map examples that pass map examples that pass 
any two, but not all three tests.any two, but not all three tests.

•• Key math facts:  Key math facts:  
–– Cells form a surface if they do so locallyCells form a surface if they do so locally
–– The topological type of any surface depends on a few The topological type of any surface depends on a few 

easily computed topological invariantseasily computed topological invariants



Algorithms for Topology EditingAlgorithms for Topology Editing
•• Umbrella editUmbrella edit

–– Uses the wingedUses the winged--edge data structureedge data structure
–– Builds a diskBuilds a disk--like neighborhood at each 0like neighborhood at each 0--cell  cell  

•• Euler characteristic editEuler characteristic edit
–– Counts the 0Counts the 0--cells, 1cells, 1--cells, and 2cells, and 2--cells cells 
–– Computes the graphComputes the graph’’s connected componentss connected components

•• OrientabilityOrientability editedit
–– Checks that each interior edge vChecks that each interior edge v11vv22 has its has its 

vertices vvertices v11 and vand v22 enumerated venumerated v11 before vbefore v22 in in 
one adjacent 2one adjacent 2--cellcell’’s cyclic ordering and vs cyclic ordering and v22
before vbefore v11 in the other adjacent 2in the other adjacent 2--cellcell’’s orderings ordering



k-b *-1-k-b+10Remove a vertex u and all its k 
edges, (b different regions at u)

-1-10Remove an edge of a cycle, 
merging two regions

+1-10Remove an acyclic edge, 
disconnecting a component 

+1+10Add an edge creating a cycle, 
and thus splitting a region

-1+10Add an (acyclic) edge
linking components

+1+10Add a vertex to an edge,
splitting the edge

+1+10Add a vertex
to a region

∆cc∆v∆e∆f∆χ

χ = f – e + v – (cc – 1)

* k-b = (# of edges in co-cycle at u) – (# of distinct faces in co-cycle at u)



A Better Combinatorial ModelA Better Combinatorial Model for mapsfor maps
•• Define the pieces (primitive components)Define the pieces (primitive components)

–– Graphs in the plane Graphs in the plane ⊂⊂ Graphs on surfacesGraphs on surfaces
•• StraightStraight--lineline--segmentsegment--graphs in the planegraphs in the plane

–– Equivalence classes of graphs in the planeEquivalence classes of graphs in the plane
•• ““EquivalentEquivalent”” means having the same underlying point setmeans having the same underlying point set

•• Define how the pieces Define how the pieces fitfit and interactand interact
–– FitFit information is encoded in wingedinformation is encoded in winged--edge structureedge structure
–– Operations on (equivalence classes of) graphsOperations on (equivalence classes of) graphs

•• Map editing (feature addition, removal, alteration)Map editing (feature addition, removal, alteration)
•• Map overlay Map overlay 
•• Map validationMap validation

Recent Research ResultsRecent Research Results



There is a currently developing There is a currently developing 
mathematical theory called mathematical theory called 

““Graphs on SurfacesGraphs on Surfaces””
•• What graphs can be drawn on surfaces?What graphs can be drawn on surfaces?

–– KK55 and Kand K3,33,3 cannot be drawn on the planecannot be drawn on the plane
–– KK77 and Kand K4,44,4 can be drawn on the can be drawn on the torustorus

•• How do graph cycles separate or disconnect How do graph cycles separate or disconnect 
a surface?  a surface?  Every cycle disconnects the planeEvery cycle disconnects the plane

•• How can we identify and somehow equate all How can we identify and somehow equate all 
graphs having the same point set?graphs having the same point set?
–– SubgraphsSubgraphs, inessential vertices and graph minors, inessential vertices and graph minors
–– Forbidden graph theory of Robertson & Seymour:  Forbidden graph theory of Robertson & Seymour:  

Every surface has a finite set of forbidden graph generatorsEvery surface has a finite set of forbidden graph generators



Jordan Curve Theorem
• Every simple closed curve on 

the plane separates the plane 
into two open connected disjoint 
regions.

• Each region is (path-)connected.  
• One region, the exterior, is 

unbounded.  
• The other region, the interior, is 

bounded.  



Jordan Curve Theorem Corollaries
• Simple closed curves include simple graph 

cycles.  Simple cycles are completely
characterized by having no vertices repeated 
other than the first and last vertices.  

• If a connected subset of the graph or of its 
complement does not contain any point on 
the simple closed curve, then it is either 
entirely inside or entirely outside the simple 
closed curve.

• An acyclic edge is completely characterized 
by the following property:  left and right 
regions are the same.



Equivalence Relations Equivalence Relations 
and Equivalence Classesand Equivalence Classes

•• An equivalence relation on a set An equivalence relation on a set SS is a binary is a binary 
relation relation ““≅≅”” that satisfies three properties:that satisfies three properties:
1.1. Equivalence is reflexive: Equivalence is reflexive: x x ≅≅ xx
2.2. Equivalence is symmetric: Equivalence is symmetric: x x ≅≅ y y ⇔⇔ y y ≅≅ xx
3.3. Equivalence is transitive: Equivalence is transitive: [x [x ≅≅ y & y & y y ≅≅ z]z] ⇒⇒ x x ≅≅ zz

•• For each element For each element xx, the set , the set EExx = = {{z z || z z ≅≅ xx} is } is 
called the equivalence class of called the equivalence class of xx..

•• Equivalence classes form a partition of Equivalence classes form a partition of SS ::
–– S =  S =  ∪∪xx∈∈SSEExx [The sets[The sets EExx covercover SS]]
–– For any pair of elements For any pair of elements xx, , yy in in SS, either , either EExx = = EEyy, , 

or or EExx ∩∩ EEyy = = ∅∅ .. [There is no partial overlap][There is no partial overlap]



Examples of Combinatorial Examples of Combinatorial 
Equivalence ClassesEquivalence Classes

•• Graphs that are minors of some common Graphs that are minors of some common 
graphgraph
–– GG11 ≅≅ GG22 ⇔⇔ ∃∃ a graph a graph GG such that both such that both GG11 and and 

GG22 are minors of are minors of GG
•• Nodes of a graph belonging to the same Nodes of a graph belonging to the same 

pathpath--connected component of the graphconnected component of the graph
–– a a ≅≅ b   b   ⇔⇔ ∃∃ a path a path (a, v(a, vi1i1, v, vi2i2,,……, b), b) from from aa to to bb



Examples of Topological Examples of Topological 
Equivalence ClassesEquivalence Classes

•• Points of a topological space T belonging to Points of a topological space T belonging to 
the same connected component of the spacethe same connected component of the space
–– a a ≅≅ b   b   ⇔⇔ ∄∄ open sets A, B with a open sets A, B with a ∈∈ A, b A, b ∈∈ B, B, 

and T = Aand T = A∪∪BB
•• Two topological spaces themselves are Two topological spaces themselves are 

equivalent if there exists a homeomorphism equivalent if there exists a homeomorphism 
(i.e., an invertible continuous function having a (i.e., an invertible continuous function having a 
continuous inverse) between the two spacescontinuous inverse) between the two spaces
–– X X ≅≅ Y Y ⇔⇔ ∃∃ f : X f : X →→ Y and g : Y Y and g : Y →→ X, such that        X, such that         

gg◦◦ff = 1= 1X X : X : X →→ X and f X and f ◦◦ g = 1g = 1Y Y : Y : Y →→ YY



Examples of Combinatorial and Examples of Combinatorial and 
Topological Equivalence ClassesTopological Equivalence Classes

1.1. Two Embedded Graphs may be called equivalent Two Embedded Graphs may be called equivalent 
if they have the same underlying point setif they have the same underlying point set

–– GG11 ≅≅ GG22 ⇔⇔ GG11 and and GG22 consist of the same points of consist of the same points of 
the surface and in both cases the graph topology the surface and in both cases the graph topology 
matches the topology induced by the embeddingmatches the topology induced by the embedding

2.2. Or alternatively, two Embedded Graphs may be Or alternatively, two Embedded Graphs may be 
called equivalent if they are called equivalent if they are homeomorphichomeomorphic and and 
also have a also have a homeomorphichomeomorphic extension to the extension to the 
entire embedding surfaceentire embedding surface

–– GG11 ≅≅ GG22 ⇔⇔ GG11 and and GG22 are both embedded in surfaces are both embedded in surfaces 
SS11 and and SS22, , GG11 ⊂⊂ SS11 and and GG22 ⊂⊂ SS22 and there exists a and there exists a 
homeomorphism homeomorphism φφ: : SS11→→ SS22 such that such that φφ((GG11) = ) = GG22



Key Consequence of the First Key Consequence of the First 
Equivalence RelationEquivalence Relation

1.  Call two Embedded Graphs equivalent if 1.  Call two Embedded Graphs equivalent if 
they have the same underlying point set:   they have the same underlying point set:   
GG11 ≅≅ GG22 ⇔⇔ GG11 and and GG22 consist of the same points consist of the same points 
of the surface and in both cases the graph of the surface and in both cases the graph 
topology matches the topology induced by the topology matches the topology induced by the 
embeddingembedding

Consequence:  we may freely add (or remove) Consequence:  we may freely add (or remove) 
vertices of degree 2 to (or from) the vertex vertices of degree 2 to (or from) the vertex 
set of a drawn graph without changing the set of a drawn graph without changing the 
underlying drawing or leaving the graphunderlying drawing or leaving the graph’’s s 
equivalence classequivalence class



Equivalence Class IssuesEquivalence Class Issues
•• When are two instances essentially the same?When are two instances essentially the same?

–– Consider that a single map instance can be Consider that a single map instance can be 
viewed as two different embedded graphsviewed as two different embedded graphs

–– There must be an algorithm for testing There must be an algorithm for testing 
equivalence of two different graph equivalence of two different graph 
embeddingsembeddings
•• If If ““equivalenceequivalence”” means means ““same point setsame point set””, then , then 

geometry can be used to verify equivalence.geometry can be used to verify equivalence.
•• If If ““equivalenceequivalence”” means means ““graphs are graphs are homeomorphichomeomorphic

under a homeomorphism of the entire surfaceunder a homeomorphism of the entire surface””, , 
then an explicit homeomorphism (such as a map then an explicit homeomorphism (such as a map 
projection) suffices projection) suffices 
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An umbrella edit conceptually overlays 
attached winged edge components

a



Adjacent winged-edges align
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An umbrella edit conceptually 
overlays attached winged edge 

components, in this case, head to tail

a



Adjacent winged-edges align
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AlgorithmsAlgorithms for handling map datasets for handling map datasets 
having errors or inconsistencieshaving errors or inconsistencies

Tests either validate planarity or detect errorsTests either validate planarity or detect errors
How to recognize errors of How to recognize errors of record omissionrecord omission? ? 
How to recognize errors of How to recognize errors of adjacency relation adjacency relation mismis--

identificationidentification??
Recovery of planarity via correction of errorsRecovery of planarity via correction of errors

Main idea:  exploit redundancy of wingedMain idea:  exploit redundancy of winged--edge model.edge model.
How to fix a single error of omission? How to fix a single error of omission? 
How to fix a single error of How to fix a single error of mismis--identification?identification?
What about multiple errors? What about multiple errors? 

Local Local vsvs nonnon--local:  only local matters.local:  only local matters.

Ongoing Research ActivityOngoing Research Activity



Successful umbrella edit



Successful umbrella edit



Unsuccessful umbrella edit



Follow unsuccessful umbrella edit 
by a cycle edit around conflict



To be continuedTo be continued……

•• I expect to soon finish a tech report on I expect to soon finish a tech report on 
the topological edits and a paper on the topological edits and a paper on 
maps as equivalence classes of graphs maps as equivalence classes of graphs 
on the plane.on the plane.

•• Contact me at Contact me at saalfeld.1@osu.edusaalfeld.1@osu.edu if you if you 
wish me to send you a preprint of either wish me to send you a preprint of either 
documentdocument


